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Abstrat
We establish the basis of a disrete funtion theory start-
ing with a Fisher deomposition for dierene Dira opera-
tors. Disrete versions of homogeneous polynomials, Euler and
Gamma operators are obtained. As a onsequene we obtain a
Fisher deomposition for the disrete Laplaian.
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1 Introdution
Cliord analysis is a powerful tool to solve some kinds of problems related with
vetor eld analysis.
A omprehensive desription of Cliord funtion theory was introdued by F.
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Brakx, R. Delanghe and F. Sommen in [1℄ and later by R. Delanghe, F. Sommen
and V. Souek in [2℄.
In [5, 6℄, K. Gürlebek and W. Spröÿig proposed some strategies to solve
boundary value problems based on the study of existene, uniqueness, repre-
sentation, and regularity of solutions with the help of an operator alulus. In
the same books, the authors introdue also the basi ideas to develop a disrete
ounterpart of the ontinuous treatment of boundary value problems with the
introdution of a disrete operator alulus in order to nd a well-adapted nu-
merial approah. An expliit disrete version of the Borel-Pompeiu formula
was presented for dimension n = 3.
This was further developed in [7, 8℄, where K. Gürlebek and A. Hommel
developed nite dierene potential methods in lattie domains based on the
onept of disrete fundamental solutions for the dierene Dira operator whih
generalizes the work developed by Ryabenkij in [10℄. A numerial appliation of
this theory was presented reently by N. Faustino, K. Gürlebek, A. Hommel,
and U. Kähler in [3℄ for the inompressible stationary Navier-Stokes equations.
In this paper, the authors proposed a sheme whih solves eiently problems
in unbounded domains and show the onvergene of the numerial sheme for
funtions with Hölder regularity whih is a better gain ompared with the on-
vergene results for lassial dierene shemes.
Moreover, while all these papers laim to be based on disrete funtion theo-
retial approahes, from the onepts of the theory of monogeni funtions only
the Borel-Pompeiu formula and with it Cauhy's integral formula were obtained.
There is no real development of a disrete monogeni funtion theory up to
now.
This paper is supposed to be a step in this diretion. To this end disrete
versions of a Fisher deomposition, Euler and Gamma operators are obtained.
For the sake of simpliity we onsider in the rst part only Dira operators whih
ontain only forward or bakward nite dierenes. Of ourse, these Dira
operators do not fatorize the lassi disrete Laplaian. Therefore, we will
onsider in the last hapter a dierent denition of a dierene Dira operator
in the quaternioni ase (.f. [7℄) whih do fatorizes the disrete Laplaian.
Let us emphasize in the end a major obstale in the disrete ase. While in
the ontinuous ase the are only one partial derivative for eah oordinate xj
we have two nite dierenes in the disrete ase. Therefore, we will have not
only one Euler or Gamma operator as in the ontinuous ase, but several. Eah
one will turn out to be onneted to one partiular Dira operator.
2 Preliminaries
Let e1, . . . , en be an orthonormal basis of R
n
. The Cliord algebra Cℓ0,n is the
free algebra over R
n
generated modulo the relation
x2 = −|x|2e0,
2
where e0 is the identity of Cℓ0,n. For the algebra Cℓ0,n we have the anti-
ommutation relationship
eiej + ejei = −2δije0,
where δij is the Kroneker symbol. In the following we will identify the Eulidean
spae R
n
with
∧1
Cℓ0,n, the spae of all vetors of Cℓ0,n. This means that eah
element x of Rn may be represented by
x =
n∑
i=1
xiei.
From an analysis viewpoint one extremely ruial property of the algebra Cℓ0,n
is that eah non-zero vetor x ∈ Rn has a multipliative inverse given by −x|x|2 . Up
to a sign this inverse orresponds to the Kelvin inverse of a vetor in Eulidean
spae. Moreover, given a general Cliord number a =
∑
A eAaA, A ⊂ {1, . . . , n}
we denote by Sc a = a∅ the salar part and by Vec a = e1a1 + . . . + enan the
vetor part.
For all what follows let Ω ⊂ Rn be a bounded domain with a suiently
smooth boundary Γ = ∂Ω. Then any funtion f : Ω 7→ Cℓ0,n has a represen-
tation f =
∑
A eAfA with R-valued omponents fA. We now introdue the
Dira operator D =
∑n
i=1 ei
∂
∂xi
. This operator is a hyperomplex analogue to
the omplex Cauhy-Riemann operator. In partiular we have that D2 = −∆,
where ∆ is the Laplaian over Rn. A funtion f : Ω 7→ Cℓ0,n is said to be
left-monogeni if it satises the equation (Df)(x) = 0 for eah x ∈ Ω. A similar
denition an be given for right-monogeni funtions. Basi properties of the
Dira operator and left-monogeni funtions an be found in [1℄, [2℄, [6℄, and [5℄.
Now, we need some more fats for our disrete setting. To disretize point-
wise the partial derivatives
∂
∂xi
in the equidistant lattie with mesh width h > 0,
R
n
h = {mh = (m1h, . . . ,mnh) : m ∈ Z
n}, we introdue forward/bakward
dierenes ∂±ih :
∂±ih u(mh) = ∓
u(mh)− u(mh± hei)
h
(1)
These forward/bakward dierenes ∂±ih satisfy the following produt rules
(∂±ih fg)(mh) = f(mh)(∂
±i
h g)(mh) + (∂
±i
h f)(mh)g(mh± hei), (2)
(∂±ih fg)(mh) = f(mh± hei)(∂
±i
h g)(mh) + (∂
±i
h f)(mh)g(mh). (3)
The forward/bakward disretizations of the Dira operator are given by
D±h =
n∑
i=1
ei∂
±i
h . (4)
In this paper we will also use the following multi-index abbreviations:
(mh)(α) := (m1h)
α1(m2h)
α2 . . . (mnh)
αn ;
3
α! := α1!α2! . . . αn!;
|α| := α1 + α2 + . . . αn
∂±eih := ∂
±i
h ;
∂±αieih :=
(
∂±eih
)αi
,
for α = (α1, α2, . . . , αn) =
∑n
i=1 eiαi.
3 Fisher deomposition
The basi idea of a Fisher deomposition is to deompose any homogeneous
polynomial into monogeni homogeneous polynomials of lower degrees. In the
lassi ase suh a deomposition is based on the fat that the powers xs are
homogeneous and that
∂xs
i
∂xi
= sxs−1i . A rst idea would be to onsider instead
of xs simply the powers (mh)s, but while these powers are still homogeneous
the last ondition is not true in the disrete ase, unfortunately. Therefore,
we will start by introduing disrete homogeneous powers whih will play the
equivalent role of xs in the disrete ase.
3.1 Multi-index fatorial powers
Starting from the one-dimensional fatorial powers
(mih)
(0)
∓ := 1, (mih)
(s)
∓ :=
s−1∏
k=0
(mih∓ kh), s ∈ N (5)
we introdue the multi-index fatorial powers of degree |α| by
(mh)
(α)
∓ =
n∏
i=1
(mih)
(αi)
∓ .
The one-dimensional fatorial powers (mih)
(s)
∓ have the following properties
P1. (mih)
(s+1)
∓ = (mih∓ sh)(mih)
(s)
∓ ;
P2. ∂
±j
h (mih)
(s)
∓ = s(mih)
(s−1)
∓ δi,j ;
P3. ∂
∓j
h (mih)
(s)
∓ = s(mih∓ h)
(s−1)
∓ δi,j ;
P4. (mih)
(s)
∓ → x
s
i = (mih)
s
for h→ 0,
where δi,j denotes the standard Kroneker symbol.
As a diret onsequene of these properties, we obtain the following lemmas:
4
Lemma 3.1 The multi-index fatorial powers of degree |α|, (mh)
(α)
∓ , satisfy
n∑
i=1
(mih)∂
±i
h (mh∓ hei)
(α)
∓ = |α|(mh)
(α)
∓ .
Lemma 3.2 The multi-index fatorial powers of degree |α|, (mh)
(α)
∓ , satisfy
∂
±β
h (mh)
(α)
∓ = α!δα,β for |β| = |α|.
Lemma 3.3 The multi-index fatorial powers (mh)
(α)
∓ of degree |α| approxi-
mate the lassial multi-index powers x(α) of degree |α| at eah point x = mh.
Let us remark that we have the following relationships between the multi-
index fatorial powers and the usual powers:
Theorem 3.1 The powers (mih)
αi
and (mih)
αi
∓ are related by
(mih)
αi
∓ =
αi∑
ki=0
Sαiki (mih)
ki
(mih)
αi =
αi∑
ki=0
Tαiki (mih)
ki
∓ ,
where Sαiki are the Stirling numbers of the rst kind and T
αi
ki
are the Stirling
numbers of the seond kind.
The sketh of the proof of this theorem an be found, e.g., in [11℄.
Theorem 3.2 The multi-index powers (mh)(α) and (mh)
(α)
∓ are related by
(mh)
(α)
∓ =
|α|∑
|β|=0
Kαβ (mh)
(β), (6)
(mh)(α) =
|α|∑
|β|=0
Lαβ(mh)
(β)
∓ . (7)
Moreover,
Kαβ =
|β|∑
ln−1=0
ln−1∑
ln−2=0
. . .
l2∑
l1=0
Sα1l1 S
α2
l2−l1
. . . Sαn|β|−ln−1,
Lαβ =
|β|∑
ln−1=0
ln−1∑
ln−2=0
. . .
l2∑
l1=0
Tα1l1 T
α2
l2−l1
. . . Tαn|β|−ln−1.
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We will just prove identity (6). The proof of identity (7) is analogous to the
proof of identity (6).
Proof: Using Theorem 3.1 and multiplying the polynomials (m1h)
α1
and
(m2h)
α2
, we obtain
(m1h)
α1(m2h)
α2 =
α1+α2∑
β1+β2=0
Kβ1,β2α1,α2(m1h)
(β1)
∓ (m2h)
(β2)
∓
with Kβ1,β2α1,α2 =
(∑β1+β2
l1=0
Sα1l1 S
α2
β1+β2−l1
)
.
Using again Theorem 3.1 and multiplying the polynomials (m1h)
α1(m2h)
α2
and (m3h)
α3
, we obtain
(m1h)
α1(m2h)
α2(m3h)
α3 =
α1+α2+α3∑
β1+β2+β3=0
Kβ1,β2,β3α1,α2,α3(m1h)
(β1)
∓ (m2h)
(β2)
∓ (m3h)
(β3)
∓
with Kβ1,β2,β3α1,α2,α3 =
∑β1+β2+β3
l2=0
∑l2
l1=0
Sα1l1 S
α2
l2−l1
Sα3β1+β2+β3−l2 .
Applying this proedure reursively, we obtain
(mh)(α) =
|α|∑
|β|=0
Kαβ (mh)
(α)
∓ (8)
with Kαβ =
∑|β|
ln−1=0
∑ln−1
ln−2=0
. . .
∑l2
l1=0
Sα1l1 S
α2
l2−l1
. . . Sαn|β|−ln−1. 
For all what follows, let Π±k denote the spae of all Cliord-valued polyno-
mials of degree k, P±k , generated by the powers (mh)
(α)
∓ of degree |α| = k, and
Π± be the ountable union of all Cliord-valued polynomials of degree k ≥ 0.
Furthermore, let M±k = Π
±
k ∩ kerD
±
h be the spae of disrete monogeni poly-
nomials of degree k. Based on Lemma 3.1, 3.2 and 3.3, we will show that it
is possible to obtain disrete versions for the Fisher deomposition as well as
dene disrete versions of the Euler and Gamma operators.
3.2 The main theorem
For two Cliord-valued polynomials of degree k, P±k and Q
±
k ∈ Π
±
k given by
P±k (mh) =
∑
|α|=k
(mh)
(α)
∓ a
±
α
Q±k (mh) =
∑
|α|=k
(mh)
(α)
∓ b
±
α
we dene the Fisher inner produt by
[P±k , Q
±
k ]h :=
∑
|α|=k
α!Sc (a±α b
±
α ). (9)
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Denoting by P±k (D
±
h ) the dierene operator obtained from the polynomial
P±k in powers of mh by replaing mih by the dierene operator ∂
±i
h (just like
in the ontinuous ase, .f. [2℄), we have by Lemma 3.2 the identity
[P±k , Q
±
k ]h := Sc (P
±
k (D
±
h )Q
±
k )(0) P
±
k , Q
±
k ∈ Π
±
k . (10)
With other words, we an express the Fisher inner produt by applying the
dierene operator P±k (D
±
h ) to the polynomial P
±
k and evaluate the salar part
at the point mh = 0.
Moreover, due to D±h = −D
±
h the Fisher inner produt has the important
property:
[(mh)P±k , Q
±
k ]h = −[P
±
k , D
±
hQ
±
k ]h. (11)
This property allows us to prove the following theorem:
Theorem 3.3 We have
Π±k =M
±
k + (mh)Π
±
k−1.
Moreover, the subspaes M±k and (mh)Π
±
k−1 are orthogonal with respet to the
Fisher inner produt.
Before we prove Theorem 3.3, we will prove the following inlusion property:
Lemma 3.4 For the set D±h Π
±
k := {D
±
h P
±
k : P
±
k ∈ Π
±
k }, we have the inlusion:
D±h Π
±
k := {D
±
h P
±
k : P
±
k ∈ Π
±
k } ⊂ Π
±
k−1.
Proof:
Let P±k (mh) =
∑
|α|=k(mh)
(α)
∓ a
±
α ∈ Π
±
k . Applying D
±
h , we obtain from
∂±ih (mh)
(α)
∓ = αi(mh)
(α−ei)
∓ , the identity
(D±h P
±
k )(mh) =
n∑
i=1
∑
|α|=k
(mh)
(α−ei)
∓ αieia
±
α (12)
Beause αieia
±
α is a Cliord onstant we have a linear ombination of poly-
nomials of degree |α − ei| = k − 1 on the right hand side of (12). Hene,
D±h P
±
k ∈ Π
±
k−1. 
Proof: (Theorem 3.3) Beause of Π±k = (mh)Π
±
k−1 +
(
(mh)Π±k−1
)⊥
it is
enough to prove that
(
(mh)Π±k−1
)⊥
=M±k−1. For this we hoose P
±
k−1 ∈ Π
±
k−1
arbitrarily and assume that for some P±k ∈ Π
±
k we have
[(mh)P±k−1, P
±
k ]h = 0.
Due to (9) we have [P±k−1, D
±
h P
±
k ]h = 0 for all P
±
k−1. As D
±
h P
±
k ∈ Π
±
k−1 by
Lemma 3.4, we obtainD±h P
±
k = 0 or P
±
k ∈ M
±
k . This means that ((mh)Π
±
k−1)
⊥ ⊂
M±k . Now, let P
±
k ∈ M
±
k . Then we have for eah P
±
k−1 ∈ Π
±
k−1
[(mh)P±k−1, P
±
k ]h = −[P
±
k−1, D
±
h P
±
k ]h
= 0
7
and, therefore, ((mh)Π±k−1)
⊤ =M±k−1. 
From this theorem we obtain the Fisher deomposition with respet to our
dierene Dira operators D±h .
Theorem 3.4 Fisher deomposition Let P±k ∈ Π
±
k then
P±k (mh) =
k−1∑
s=0
(mh)sM±k−s(mh). (13)
where eah M±j denotes the homogeneous disrete monogeni polynomials of
degree j with respet to the Dira operators D±h .
3.3 Dierene Euler and Gamma operators
Based on Lemma 3.1 we will introdue disrete versions of the Euler and Gamma
operators presented in [2℄.
First of all, we introdue the seond order dierene operator A±h by
A±h = ∓h
n∑
i=1
(mih)∂
±i
h ∂
∓i
h . (14)
Denition 3.1 For a lattie funtion fh : R
n
h → Cℓ0,n, we introdue the dier-
ene Euler operator E±h by
(E±h fh)(mh) =
n∑
i=1
(mih)(∂
±i
h fh)(mh∓ hei)
and the dierene Gamma operator Γ±h by
(Γ±h fh)(mh) = −
∑
j<k
ejek(L
±
jkfh)(mh)− (A
±
h fh)(mh),
where L±jk := (mjh)∂
±k
h − (mkh)∂
±j
h .
It looks surprising that we have in the denition of the Gamma operator
a term whih ontains seond order dierenes, but we would like to remark
that for h→ 0 this term vanishes and we will get the usual ontinuous Gamma
operator. As a matter of fat this term arises due to the fat that in the
disrete ase translations are involved in the denition of nite dierenes/
nite dierene operators.
Using the denition of the dierene Euler operator and Lemma 3.1, we
obtain for polynomials homogeneous of degree k, P±k ∈ Π
±
k , E
±
h P
±
k = kP
±
k ,
and, moreover, we an show that a funtion fh homogeneous of degree k satisfy
E±h fh = kfh. This fat provides a good motivation for alling E
±
h Euler opera-
tor, i.e. an operator who measures the degree of homogeneity of a homogeneous
funtion.
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It follows from the denition of the Euler and Gamma operator that
(mh)D±h fh = −
n∑
i=1
(mih)∂
±i
h fh +
∑
j<k
ejekL
±
jkfh (15)
= −(E±h + Γ
±
h )fh (16)
The proof of (16) is easily obtained by adding and subtrating the term
−
n∑
i=1
(mih)∂
±i
h (fh(mh)− fh(mh∓ hei)),
whih is the same as A±h fh, on the right hand side of (15). Moreover, for disrete
monogeni polynomials of degree k, M±k ∈M
±
k , we have Γ
±
hM
±
k = −kM
±
k .
For all what follows, we introdue the dierene operators
B±h = ±h
n∑
i=1
∂±ih , (17)
C±h fh =
n∑
i=1
(mih)eifh(· ∓ hei) (18)
R±h,r = rI + E
±
h −A
±
h , (19)
V ±h,r = R
±
h,r +
1
2
B±h . (20)
where I is the identity operator and r a real number.
From the identity
(
(mh)D±h +D
±
h (mh)
)
fh = −2
n∑
j=1
(mjh)∂
±j
h fh − nfh
= −2(E±h −A
±
h )fh − nfh
= −2R±h,n/2fh
we get
(
D±h (mh)
)
fh = (−2R
±
h,n/2 + E
±
h + Γ
±
h )fh, (21)
by applying identity (16).
Now, we will show some important fats regarding our dierene operators.
Proposition 3.1 For a lattie funtion fh : R
n
h → Cℓ0,n, we have
D±h E
±
h fh = D
±
h fh + E
±
h D
±
h fh.
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Proof:
Starting from the denition, we an split D±h E
±
h fh in the sum
(D±h E
±
h fh)(mh) = I
±
1 (mh) + I
±
2 (mh) (22)
with
I±1 (mh) =
n∑
i=1
ei∂
±i
h
(
(mih)(∂
±i
h fh)(mh∓ hei)
)
and
I±2 (mh) =
n∑
j=1
∑
i6=j
ej∂
±j
h
(
(mih)(∂
±i
h fh)(mh∓ hei)
)
.
Applying the produt rule for nite dierenes (2) in I±1 , we obtain
I±1 (mh) =
n∑
i=1
ei
(
(∂±ih fh)(mh) + (mih)(∂
±2ei
h fh)(mh∓ hei)
)
= (D±h fh)(mh) +
n∑
i=1
ei(mih)(∂
±2ei
h fh)(mh∓ hei).
On the other hand,
I±2 (mh) =
n∑
j=1
ej
∑
i6=j
(mih)
(
(∂±ih ∂
±j
h fh)(mh∓ hei)
)
.
Thus, we have
(D±h E
±
h fh)(mh) = (D
±
h fh)(mh) +
n∑
i,j=1
ej(mih)(∂
±i
h ∂
±j
h fh)(mh∓ hei)
= (D±h fh)(mh) + (E
±
h D
±
h fh)(mh).

Proposition 3.2 For a lattie funtion fh : R
n
h → Cℓ0,n, we have
D±h ((mh)fh) = −2V
±
h,n/2fh − (mh)D
±
h fh (23)
Proof: Using the produt rule for nite dierenes (2) and the identity
−2mih = ei(mh) + (mh)ei, i = 1, . . . , n, we get
D±h ((mh)fh(mh)) = −
n∑
i=1
fh(mh± hei)− 2
n∑
i=1
(mih)∂
±i
h fh(mh)
−(mh)(D±h fh)(mh)
= −nfh(mh)−
n∑
i=1
(fh(mh± hei)− fh(mh))−
10
−2(E±h fh −A
±
h fh)(mh)− (mh)(D
±
h fh)(mh)
= −nfh(mh)− 2(E
±
h fh −A
±
h fh)(mh)−
−(B±h fh)(mh) − (mh)(D
±
h fh)(mh)
= −2(R±h,n/2fh +
1
2
B±h fh)(mh)− (mh)(D
±
h fh)(mh)
= −2(V ±h,n/2fh)(mh)− (mh)(D
±
h fh)(mh).

From Proposition 3.2 and from the ommutation propertiesD±h A
±
h = A
±
hD
±
h
and D±h B
±
h = B
±
h D
±
h follow the operator relations
D±h R
±
h,r = R
±
h,r+1D
±
h , (24)
D±h V
±
h,r = V
±
h,r+1D
±
h . (25)
Combining Proposition 3.2 with operator relation (25), we have for M±k−s ∈
M±k−s,
(D±h )
2((mh)2M±k−s) = D
±
h
(
−2V ±h,n/2((mh)M
±
k−s) + 2(mh)V
±
h,n/2M
±
k−s
)
= (−2)2
(
V ±h,n/2+1V
±
h,n/2M
±
k−s − V
±
h,n/2V
±
h,n/2M
±
k−s
)
= (−2)2V ±h,n/2M
±
k−s. (26)
and
(D±h )
3((mh)3M±k−s) = (D
±
h )
2
(
−2V ±h,n/2((mh)
2M±k−s)
+2(mh)V ±h,n/2((mh)
2M±k−s)
)
= (−2)3V ±h,n/2+2V
±
h,n/2M
±
k−s
+2(D±h )
2
(
(mh)V ±h,n/2((mh)
2M±k−s))
)
= (−2)3
(
V ±h,n/2+2V
±
h,n/2 − V
±
h,n/2+1V
±
h,n/2
+V ±h,n/2V
±
h,n/2
)
M±k−s
= (−2)3V ±h,n/2+1V
±
h,n/2M
±
k−s (27)
Continuing this proedure, we obtain by reursion
(D±h )
s((mh)sM±k−s) = (−2)
sV ±h,n/2+s−2V
±
h,n/2+s−3 . . . V
±
h,n/2M
±
k−s. (28)
From this follows also (mh)sM±k−s ∈ ker(D
±
h )
s+1
. Formula (28) gives us
a motivation to nd expliit formulae for the polynomials M±k−s. To this end
we need an expliit formula for the inverse of the iterated omposite operator
V ±h,n/2+s−2V
±
h,n/2+s−3 . . . V
±
h,n/2. This means that we have to nd an expliit
formula for the inverse of the operator V ±h,r. Unfortunately, we are only able to
get an expliit formula for the operator R±h,r (.f. [9℄).
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Theorem 3.5 For a lattie funtion fh : R
n
h → Cℓ0,n and for r > 0, the
dierene operator J±h,r dened by
(J±h,rfh)(mh) =
∑
th∈[0,1]±
h
hd±h
(
(th∓ h)
(r−1)
∓ fh((th)(mh))
)
satises
J±h,rR
±
h,r = I = R
±
h,rJ
±
h,r.
Hereby we denote [0, 1]+h = [0, 1)h, [0, 1]
−
h = (0, 1]h, and
(d±h g)(th) := ∓
g(th)− g(th± h)
h
.
Proof: (.f. [9℄) For fh : R
n
h → Cℓ0,n and r > 0,
fh(mh) =
∑
th∈[0,1]h
hd±h
(
(th∓ h)
(r)
∓ fh((th)(mh))
)
By a diret alulation,
d±h
(
(th∓ h)
(r)
∓ fh((th)(mh))
)
= r(th∓ h)
(r−1)
∓ fh((th)(mh)) + (th)
(r)
∓ (d
±
h fh)((th)(mh))
= (th∓ h)
(r−1)
∓
(
rfh((th)(mh)) + th(d
±
h fh)((th)(mh))
)
On the other hand, applying the dierene version of the hain rule and the
relation
∑n
i=1(mih)∂
±i
h = E
±
h −A
±
h , we obtain
th(d±h fh)((th)(mh)) =
n∑
i=1
(th)(mih)(∂
±i
th fh)((th)(mh))
= (E±thfh)((th)(mh)) − (A
±
thfh)((th)(mh))
Therefore,
fh(mh) = r(J
±
h,rfh)(mh) + (E
±
h J
±
h,rfh)(mh)− (A
±
h J
±
h,rfh)(mh)
= (R±h,rJ
±
h,rfh)(mh).
From the above two identities and the denitions of R±h,r and J
±
h,r, we get
J±h,rR
±
h,r = I = R
±
h,rJ
±
h,r.

Now, the onstrution of the inverse for V ±h,r seems to be obvious. But, the
obvious hoie
(W±h,rfh)(mh) =
∑
th∈[0,1]±
h
hd±h
(
(th)
(r−1)
∓ fh((th)(mh))
)
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is not an inverse of V ±h,r, whih an be easily heked in the following way.
If we use the same tehnique as above, we obtain
fh(mh) =
∑
th∈[0,1]±
h
hd±h
(
(th)
(r−1)
∓ fh((th)(mh))
)
and by diret alulation
d±h
(
(th)
(r)
∓ fh((th)(mh))
)
= r(th)
(r−1)
∓ fh(thx) + (th± h)
(r)
∓ (d
±
h fh)((th)(mh))
= (th)
(r−1)
∓
(
rfh((th)(mh)) + (th± h)(d
±
h fh)((th)(mh))
)
On the other hand, applying the dierene version of the hain rule and the
relation
∑n
i=1(mih)∂
±i
h = E
±
h −A
±
h , we obtain
(th± h)(d±h fh)((th)(mh)) =
n∑
i=1
((th)(mih)± hmi)(∂
±i
th fh)((th)(mh))
= (E±thfh)((th)(mh)) − (A
±
thfh)((th)(mh))
±h
n∑
i=1
mih(∂
±i
th fh)((th)(mh)),
but
±h
n∑
i=1
(mih)(∂
±i
th fh)((th)(mh)) 6= ±h
n∑
i=1
(∂±ith fh)((th)(mh))
= (B±thfh)((th)(mh)).
3.4 Dierene operator alulus
Now we will establish some properties for our dierene operators introdued
in Setion 3.3.
Using the dierene properties
(mih)∂
±i
h (mh∓ hei)
(α)
∓ = αi(mh)
(α)
∓
and
(mih)∂
±i
h ∂
∓i
h (mh∓ hei)
(α)
∓ = (αi − 1)(mih)∂
±i
h (mh∓ hei)
(α)
∓
we obtain by diret alulation the following formulae for homogeneous polyno-
mials of degree k, P±k ∈ Π
±
k ,
B±h P
±
k = ±khP
±
k , (29)
A±h P
±
k =
kh2
1± h
P±k , (30)
R±h,rP
±
k =
(
r + k −
kh2
1± h
)
P±k , (31)
V ±h,rP
±
k =
(
r +
(
1±
h
2
)
k −
kh2
1± h
)
P±k . (32)
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Now, using the dierene rules (2) and (3), we get
B±h ((mh)fh) = (mh)B
±
h fh + h1
±fh(mh) + h
2D±h fh, (33)
C±h ((mh)fh) = (mh)C
±
h fh − E
±
h fh, (34)
A±h ((mh)fh) = (mh)A
±
h fh ∓ hC
±
h fh, (35)
E±h ((mh)fh) = (mh)E
±
h fh + C
±
h fh, (36)
R±h,r((mh)fh) = (mh)R
±
h,rfh + (1± h)C
±
h fh, (37)
V ±h,r((mh)fh) = (mh)V
±
h,rfh + (1± h)C
±
h fh +
+
1
2
(h1±fh(mh) + h
2D±h fh), (38)
where 1
± := ±
∑n
i=1 ei.
As a diret onsequene of formulae (32) and (36), we obtain for the disrete
homogeneous monogeni polynomials of degree k, M±k ∈M
±
k ,
Γ±h ((mh)M
±
k ) = −E
±
h ((mh)M
±
k )− (mh)D
±
h ((mh)M
±
k )
=
(
n+ k −
2kh2
1± h
± hk
)
(mh)M±k − C
±
h M
±
k (39)
by applying Theorem 3.2 and relation (16).
Moreover, using identities (21), (29),(31),(32),(16) and Proposition 3.2, we
obtain the relation
(
D±h (mh)
)
((mh)M±k ) = (−2R
±
h,n/2 + E
±
h + Γ
±
h )((mh)M
±
k )
= ±hk(mh)M±k − (2± 2h)C
±
h M
±
k . (40)
Applying relations (36) and (34) we have
E±h ((mh)
2M±k ) = k(mh)
2M±k + 2(mh)C
±
h M
±
k − kM
±
k . (41)
From Theorem 3.2 and formulae (33) and (40), we get
D±h ((mh)
2M±k ) = −(2± 2h)C
±
h M
±
k + h1
±M±k . (42)
Using (16) and formulae (41) and (42), we obtain
Γ±h ((mh)
2M±k ) = −k(mh)
2M±k ± 2(mh)C
±
h M
±
k + kM
±
k − h1
±(mh)M±k . (43)
Applying reursively our formulae (33)-(38), it is possible to obtain expliit
formulae for D±h ((mh)
sM±k ), E
±
h ((mh)
sM±k ) and Γ
±
h ((mh)
sM±k ) by indution.
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3.5 Homogeneous powers
Contrary to the ontinuous ase, the lassial produt between the variable mh
and the homogeneous polynomial P±k is not homogeneous. However, apply-
ing formulae (6) and (7) proved in Theorem 3.2, we an say that the produt
(mh)P±k an be expressed as a linear ombination of homogeneous polynomials
up to degree k + 1. On the other hand, the powers xs = (mh)s are not homo-
geneous. For this purpose, we will introdue the disrete analogues of xs in the
following way:
Starting from the multi-index fatorial powers of degree |α|, (mh)
(α)
∓ , we
introdue the polynomials H±s , s ∈ N by
H±s (mh) =


∑
|α|=k
(−1)kk!
α! (mh)
(2α)
∓ if s = 2k, k ∈ N0
∑
|α|=k
∑n
i=1
(−1)kk!
α! (mh)
(2α+ei)
∓ ei if s = 2k + 1, k ∈ N0.
(44)
As a diret onsequene of the identity
xs =
{
(−1)k|x|2k if s = 2k, k ∈ N0
xx2k if s = 2k + 1, k ∈ N0
we an onlude by Lemma 3.3 and by the multinomial theorem, that the poly-
nomials H±s give rise to homogeneous polynomials of degree s whih approxi-
mate the powers xs = (mh)s for small mesh width h > 0.
As a diret onsequene, the operator formulae proved in Subsetion 3.4 are
fullled for the powers H±s and, moreover, by diret alulation, we obtain the
additional properties
C±h H
±
s = H
±
s+1,
and
D±hH
±
s = −sH
±
s−1.
Let us remark that the term C±h H
±
s is the disrete version of the multipliation
xxs in the ontinuous ase.
4 A disrete harmoni Fisher deomposition
Aording to the lassial theory of the nite dierenes, the usual approxima-
tion of the Laplaian is given by
(∆hu)(mh) =
n∑
i=1
u(mh+ hei) + u(mh− hei)− 2u(mh)
h2
=
n∑
i=1
(∂∓ih ∂
±i
h u)(mh). (45)
The rst problem that arises now is that not all of our partial dierene
operators do ommute in the ertain sense (.f. [5, 6℄) and, moreover, we have
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no fatorization of the disrete Laplaian ∆h by means of our dierene Dira
operators onsidered above, that is D∓hD
±
h 6= −e0∆h.
Let us restrit ourselves in this setion to the ase of quaternion-valued
funtions dened on latties in R
3
.
Let us remark that the quaternioni variable mh is identied with the 4 × 4
matrix
mh =


0 −m1h −m2h −m3h
m1h 0 −m3h m2h
m2h m3h 0 m1h
m3h −m2h m1h 0

 .
In [7℄ for a lattie funtion fh : R
3
h → H given by
fh =
3∑
i=0
f ihei = f
0
he0 +Vec fh
a nite dierene approximation of our Dira operator was dened in the form
D−+h fh =


0 −∂−1h −∂
−2
h −∂
−3
h
∂−1h 0 −∂
3
h ∂
2
h
∂−2h ∂
3
h 0 −∂
1
h
∂−3h −∂
2
h ∂
1
h 0




f0h
f1h
f2h
f3h


=
(
−div−hVec fh
grad−h f
0
h + curl
+
hVec fh
)
(46)
D+−h fh =


0 −∂1h −∂
2
h −∂
3
h
∂1h 0 −∂
−3
h ∂
−2
h
∂2h ∂
−3
h 0 −∂
−1
h
∂3h −∂
−2
h ∂
−1
h 0




f0h
f1h
f2h
f3h


=
(
−div+hVec fh
grad+h f
0
h + curl
−
hVec fh
)
(47)
with div±hVec fh =
∑3
i=1 ∂
±i
h f
i
h, grad
±
h f
0
h =
∑3
i=1(∂
±i
h f
0
h)ei and
curl±hVec fh =
∣∣∣∣∣∣
e1 e2 e3
∂±1h ∂
±2
h ∂
±3
h
f1h f
2
h f
3
h
∣∣∣∣∣∣ .
In the latter form one an easily see the similarity with the usual Dira
operator
Df =
(
−divVec f
gradSc f + curlVec f
)
.
Using the disrete identities
div±h curl
±
hVec fh = 0
curl±h grad
±
h f
0
h = 0
curl±h curl
∓
hVec fh = −∆hVec fh + grad
∓
h div
±
hVec fh
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we obtain the following fatorization of the disrete Laplaian
D+−h D
−+
h fh =
(
−∆hf
0
h
−∆hVec fh
)
= D−+h D
+−
h fh. (48)
Now, we are able to obtain a Fisher deomposition for the disrete Dira
operators D−+h and D
+−
h .
Using the fat that
D−+h (mh)
(α)
+ =
(
0
grad−h (mh)
(α)
+
)
=


0
α1(mh)
(α−e1)
+
α2(mh)
(α−e2)
+
α3(mh)
(α−e3)
+


as well as
D+−h (mh)
(α)
− =
(
0
grad+h (mh)
(α)
−
)
=


0
α1(mh)
(α−e1)
−
α2(mh)
(α−e2)
−
α3(mh)
(α−e3)
−


we an prove as in Lemma 3.4, the inlusion properties D+−h Π
+
k ⊂ Π
+
k−1,
D−+h Π
−
k ⊂ Π
−
k−1 and, moreover, replaing D
+−
h by D
+
h and D
−+
h by D
−
h in the
inner produt (10), we obtain the Fisher deompositions:
Theorem 4.1 Fisher deomposition for D−+h and D
+−
h
Let P−k ∈ Π
−
k (respetively, P
+
k ∈ Π
+
k ) then
P−k =
k−1∑
s=0
(mh)sM−+k−s, (49)
P+k =
k−1∑
s=0
(mh)sM+−k−s. (50)
where eah M−+j ( respetively, M
+−
j ) denotes a homogeneous disrete mono-
geni polynomial of degree j, that is, M−+j ∈ Π
−
j ∩kerD
−+
h (respetively, M
+−
j ∈
Π+j ∩ kerD
+−
h ).
From the fatorization property (48), we have
[(mh)2P±k , Q
±
k ]h = −[P
±
k ,∆hQ
±
k ]h,
whih allows us to obtain the Fisher deomposition for the disrete Laplaian:
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Theorem 4.2 Fisher deomposition for ∆h
Let P±k ∈ Π
±
k then
P±k =
∑
2s≤k
|mh|2sH±k−2s,
where eah H±j denotes a homogeneous disrete harmoni polynomial of degree
j, that is, H±j ∈ Π
±
j ∩ ker∆h.
As a onsequene of Theorem 4.1, we obtain Fisher deompositions whih
relate the disrete harmoni and the disrete monogeni polynomials.
Corollary 4.1 Fisher deomposition Let H±k ∈ Π
±
k ∩ ker∆h then
H−k = M
−+
k + (mh)M
−+
k−1, (51)
H+k = M
+−
k + (mh)M
+−
k−1. (52)
where eah M−+j ( respetively, M
+−
j ) denotes a homogeneous disrete mono-
geni polynomial of degree j, that is, M−+j ∈ Π
−
j ∩kerD
−+
h (respetively, M
+−
j ∈
Π+j ∩ kerD
+−
h ).
To dene the Euler and Gamma operator E+−h ,Γ
+−
h and E
−+
h ,Γ
−+
h for the
modied Dira operators D+−h and D
−+
h , respetively, we start to alulate
the produts (mh)D+−h fh and (mh)D
+−
h fh. By straightforward alulations we
obtain
(mh)D−+h fh = −


∂−1h f
0
h ∂
−2
h f
0
h ∂
−3
h f
0
h
∂−1h f
1
h ∂
2
hf
1
h ∂
3
hf
1
h
∂1hf
2
h ∂
−2
h f
2
h ∂
3
hf
2
h
∂1hf
3
h ∂
2
hf
3
h ∂
−3
h f
3
h



 m1hm2h
m3h


+
∣∣∣∣∣∣
e1 e2 e3
m1h m2h m3h
∂−1h ∂
−2
h ∂
−3
h
∣∣∣∣∣∣ f
0
h +
∣∣∣∣∣∣
e0 e2 e3
m1h m3h m2h
∂−1h ∂
3
h ∂
2
h
∣∣∣∣∣∣ f
1
h
+
∣∣∣∣∣∣
e0 e1 e3
−m2h −m3h m1h
−∂−2h −∂
3
h ∂
1
h
∣∣∣∣∣∣ f
2
h
+
∣∣∣∣∣∣
e0 e1 e3
m3h m2h m1h
∂−3h ∂
2
h ∂
1
h
∣∣∣∣∣∣ f
3
h . (53)
and
(mh)D+−h fh = −


∂1hf
0
h ∂
2
hf
0
h ∂
3
hf
0
h
∂1hf
1
h ∂
−2
h f
1
h ∂
−3
h f
1
h
∂−1h f
2
h ∂
2
hf
2
h ∂
−3
h f
2
h
∂−1h f
3
h ∂
−2
h f
3
h ∂
3
hf
3
h



 m1hm2h
m3h


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+∣∣∣∣∣∣
e1 e2 e3
m1h m2h m3h
∂1h ∂
2
h ∂
3
h
∣∣∣∣∣∣ f
0
h +
∣∣∣∣∣∣
e0 e2 e3
m1h m3h m2h
∂1h ∂
−3
h ∂
−2
h
∣∣∣∣∣∣ f
1
h
+
∣∣∣∣∣∣
e0 e1 e3
−m2h −m3h m1h
−∂2h −∂
−3
h ∂
−1
h
∣∣∣∣∣∣ f
2
h
+
∣∣∣∣∣∣
e0 e1 e2
m3h m2h m1h
∂3h ∂
−2
h ∂
−1
h
∣∣∣∣∣∣ f
3
h . (54)
Hene, we an dene the dierene Euler operators E−+h and E
+−
h as
(E−+h fh)(mh) =

(∂−1h f
0
h)(mh+ he1) (∂
−2
h f
0
h)(mh+ he2) (∂
−3
h f
0
h)(mh+ he3)
(∂−1h f
1
h)(mh+ he1) (∂
2
hf
1
h)(mh− he2) (∂
3
hf
1
h)(mh− he3)
(∂1hf
2
h)(mh− he1) (∂
−2
h f
2
h)(mh+ he2) (∂
3
hf
2
h)(mh− he3)
(∂1hf
3
h)(mh− he1) (∂
2
hf
3
h)(mh− he2) (∂
−3
h f
3
h)(mh+ he3)



 m1hm2h
m3h


and
(E+−h fh)(mh) =

(∂1hf
0
h)(mh− he1) (∂
2
hf
0
h)(mh− he2) (∂
3
hf
0
h)(mh− he3)
(∂1hf
1
h)(mh− he1) (∂
−2
h f
1
h)(mh+ he2) (∂
−3
h f
1
h)(mh+ he3)
(∂−1h f
2
h)(mh+ he1) (∂
2
hf
2
h)(mh− he2) (∂
−3
h f
2
h)(mh+ he3)
(∂−1h f
3
h)(mh+ he1) (∂
−2
h f
3
h)(mh+ he2) (∂
3
hf
3
h)(mh− he3)



 m1hm2h
m3h


The dierene Gamma operators Γ−+h and Γ
+−
h are dened by
(Γ−+h fh)(mh) =
= h


(∂−1h ∂
1
hf
0
h)(mh) (∂
−2
h ∂
2
hf
0
h)(mh) (∂
−3
h ∂
3
hf
0
h)(mh)
(∂−1h ∂
1
hf
1
h)(mh) −(∂
−2
h ∂
2
hf
1
h)(mh) −(∂
−3
h ∂
3
hf
1
h)(mh)
−(∂−1h ∂
1
hf
2
h)(mh) (∂
−2
h ∂
2
hf
2
h)(mh) −(∂
−3
h ∂
3
hf
2
h)(mh)
−(∂−1h ∂
1
hf
3
h)(mh) −(∂
−2
h ∂
2
hf
3
h)(mh) (∂
−3
h ∂
3
hf
3
h)(mh)



 m1hm2h
m3h


−
∣∣∣∣∣∣
e1 e2 e3
m1h m2h m3h
∂−1h ∂
−2
h ∂
−3
h
∣∣∣∣∣∣ f
0
h(mh)−
∣∣∣∣∣∣
e0 e2 e3
m1h m3h m2h
∂−1h ∂
3
h ∂
2
h
∣∣∣∣∣∣ f
1
h(mh)
−
∣∣∣∣∣∣
e0 e1 e3
−m2h −m3h m1h
−∂−2h −∂
3
h ∂
1
h
∣∣∣∣∣∣ f
2
h(mh)
−
∣∣∣∣∣∣
e0 e1 e2
m3h m2h m1h
∂−3h ∂
2
h ∂
1
h
∣∣∣∣∣∣ f
3
h(mh)
and
(Γ+−h fh)(mh) =
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= −h


(∂−1h ∂
1
hf
0
h)(mh) (∂
−2
h ∂
2
hf
0
h)(mh) (∂
−3
h ∂
3
hf
0
h)(mh)
(∂−1h ∂
1
hf
1
h)(mh) −(∂
−2
h ∂
2
hf
1
h)(mh) −(∂
−3
h ∂
3
hf
1
h)(mh)
−(∂−1h ∂
1
hf
2
h)(mh) (∂
−2
h ∂
2
hf
2
h)(mh) −(∂
−3
h ∂
3
hf
2
h)(mh)
−(∂−1h ∂
1
hf
3
h)(mh) −(∂
−2
h ∂
2
hf
3
h)(mh) (∂
−3
h ∂
3
hf
3
h)(mh)



 m1hm2h
m3h


−
∣∣∣∣∣∣
e1 e2 e3
m1h m2h m3h
∂1h ∂
2
h ∂
3
h
∣∣∣∣∣∣ f
0
h(mh)−
∣∣∣∣∣∣
e0 e2 e3
m1h m3h m2h
∂1h ∂
−3
h ∂
−2
h
∣∣∣∣∣∣ f
1
h(mh)
−
∣∣∣∣∣∣
e0 e1 e3
−m2h −m3h m1h
−∂2h −∂
−3
h ∂
−1
h
∣∣∣∣∣∣ f
2
h(mh)
−
∣∣∣∣∣∣
e0 e1 e2
m3h m2h m1h
∂3h ∂
−2
h ∂
−1
h
∣∣∣∣∣∣ f
3
h(mh).
As in Subsetion 3.3, we have (mh)D−+h = −E
−+
h − Γ
−+
h (respetively,
(mh)D+−h = −E
+−
h − Γ
+−
h ) and the polynomials P
±
k ∈ Π
±
k satisfy E
−+
h P
−
k =
kP−k , (respetively, E
+−
h P
+
k = kP
+
k ). Moreover, if P
−
k ∈ kerD
−+
h (respe-
tively, P+k ∈ kerD
+−
h ) then we have Γ
−+
h P
−
k = −kP
−
k , (respetively, Γ
+−
h P
+
k =
−kP+k ).
Like in Theorem 3.2 we an prove the operator property D−+h E
−+
h = I +
E−+h D
−+
h (respetively, D
+−
h E
+−
h = I + E
+−
h D
+−
h ). In the same way we get
analogous relations to the ones presented in Subsetion 3.3 and in Subsetion 3.4.
In addition it is also possible dene the disrete versions of the quaternioni
powers (mh)s with respet to our dierene Dira operators D−+h and D
+−
h ,
using a similar onstrution as in Subsetion 3.5.
At this point it would be interesting to know if the operator setting we
disussed here for the quaternioni ase has an equivalent operator setting in
the general ase of Cliord algebras. Up to know it is not known, but we will
disuss it in a forthoming paper [4℄.
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